Abstract. The efficient cooling of the nanomechanical resonators is essential to exploration of quantum properties of the macroscopic or mesoscopic systems. We propose such a laser-cooling scheme for a nanomechanical cantilever, which works even for the low-frequency mechanical mode and under weak cooling lasers. The cantilever is attached by a diamond nitrogen-vacancy center under a strong magnetic field gradient and the cooling is assisted by a dynamical Stark-shift gate. Our scheme can effectively enhance the desired cooling efficiency by avoiding the off-resonant and unexpected carrier transitions, and thereby cool the cantilever down to the vicinity of the vibrational ground state in a fast fashion. 
Introduction
Over the past years, nano-mechanical resonators (NRs) have attracted considerable attention both theoretically and experimentally and presented potential applications based on the quantum properties, for example, optomechanical induced transparency [1] , photon blockade [2, 3] , optical Kerr effect [4] , entanglement between microscopic objects [5, 6] , quantum state measurement [7, 8] , biological sensing detection [9, 10] and hybrid coupling to cold atoms [11] .
However, the quantum properties regarding NRs are always hidden by the thermal phonons involved. To suppress the thermal phonons, many schemes have been proposed so far to try to cool the NRs down to the vicinity of their vibrational ground states, such as the sideband cooling [12, 13] , the backaction sideband cooling [14, 15, 16, 17, 18, 19] , the hot-thermal-light-assisted cooling [20] , the time-dependent control cooling [21, 22] , the quadratic-coupling-based cooling [23] , the measurement cooling [24] and the electromagnetically induced transparency (EIT) cooling [25, 26, 27, 28, 29] .
The EIT cooling works based on quantum interference, which not only suppresses the carrier transition and the first-order blue-sideband for heating, but also enhances the first-order red-sideband for cooling [25, 26, 27, 28, 29] . In particular, it can work efficiently in the non-resolved sideband regime, i.e., with the large spontaneous emission rate. The EIT cooling was first proposed and experimentally implemented in the trapped-ion system [30, 31] , and then extended to other systems, including the quantum dot [25, 27, 28] , the superconducting flux qubit [26] and the diamond nitrogen-vacancy (NV) center [29] . However, for the Rabi frequency comparable to the frequency of the NR, the prerequisite of the fast cooling, the existing cooling scheme would not work efficiently [29] . Therefore, developing an alternative scheme available for the NR cooling, which is faster and more efficient than the EIT cooling, is highly desirable [32] . On the other hand, a NV center coupled by a nanomechanical cantilever can be used to cool the cantilever vibration down to a quantum regime [33, 29] , where the coupling is from the magnetic field gradient (MFG). The extension of such a coupling is applicable to future scalable quantum information processor [33, 34] .
The present work focuses on the feasibility of a NR cooling in the non-resolved sideband regime with the assistance from a Stark-shift gate. Such a cooling scheme can work more efficiently than the conventional sideband cooling due to elimination of the involved carrier transitions which contribute for heating, as confirmed in [32] for cooling the trapped ion. However, compared to the trapped ion, the NR (i.e., the cantilever) under our consideration is of a much bigger mass, which decreases the NV-cantilever coupling to be nearly zero. To generate a strong enough coupling between the NV center and the cantilever, we introduce a strong MFG, as discussed in [29] . Moreover, since the cantilever is more sensitive to the environmental noise than the trapped ion, we have to seriously consider the influence from the non-zero temperature thermal noise of the environment in our calculation.
The key point in the present work is the introduction of an additional microwave to couple the sublevels of the electronic ground state of the NV center, which creates a dynamical Stark shift under the strong MFG and accelerates the cooling of the cantilever by suppressing the undesired transitions. We show the possibility to cool the cantilever with the same cooling rate as in the trapped-ion system [32] . Moreover, different from the microwave cooling scheme in [33] , in which the magnetic tip with the fixed MFG is attached at the end of the cantilever, the MFG in our idea is independent from the cantilever, but generated by the coils and controlled by the external electric current. We show below that the addition of the Stark-shift gate makes the cooling more powerful than the optics-based EIT cooling in a previous scheme [29] , and is particularly useful for the cantilever of the lower vibrational frequency and under the weaker laser irradiation. Since the low frequency cantilevers are not easy to cool down to the ground state with current technology and the requirement of weak laser irradiation can reduce the experimental difficulty, our scheme is of practical application in exploring quantum properties of the nanomechanical cantilevers.
The paper is structured as follows. We present our model and describe the cooling scheme in the next section, and then we analyze the cooling process in section 3 both analytically and numerically. In section 4, the robustness of our scheme under realistic experimental condition is seriously checked and we make a brief conclusion in the last section. Some details of the deductions can be found in Appendix.
2. The cooling of a NV-cantilever system by a Stark-shift gate
The model and the Hamiltonian
The model of our system is presented in figure 1(a) , where a negatively charged NV center is attached at the end of a nanomechanical cantilever under a strong MFG. The ground state of the NV center is a spin triplet with a zero-field splitting 2π × 2.87 GHz between m s = 0 and m s = ±1, where m s is the projection of the total electron spin S = 1 along the z-axis. The sublevels m s = ±1 are employed for qubit encoding in our cooling scheme, with m s = −1 as |0 and m s = +1 as |1 . m s = 0 is labeled as an auxiliary level |g for preventing leakage from the excited state |A 2 , as discussed below. According to the selection rule of the transitions [35, 36] , the state |0 (|1 ) may be coupled to the excited state |A 2 by a σ [29, 35, 36, 37] and the state |0 can be also coupled to |1 by a σ L − polarized microwave [32] . In figure 1(b) , the σ 0 − (σ 1 − ) polarized laser owns the frequency ω 0 (ω 1 ) and the Rabi frequency Ω 0 (Ω 1 ), and the microwave is with the frequency ω L and the Rabi frequency Ω L .
Moreover, there are leakages from the excited state |A 2 down to the metastable state | 1 A 1 , which would stop the cooling process. To solve this problem, we employ |g and another excited state |E y as the auxiliary part in figure 1(b) , whose function can be found in Ref. [29] and would not be reiterated in the present paper. Furthermore, different from in the trapped-ion system, in which the coupling between the internal and the vibrational degrees of freedom is caused by the mechanical effect of light [38] , our The encircled three levels form our major part of the cooling, where the irradiation of the two lasers satisfies the two-photon resonance with ∆ 0 = ∆ 1 and the microwave irradiation is in resonance with the transition between the two ground states, i.e., ω L = ω 0 − ω 1 . The cantilever vibration is coupled to the NV center by a strong MFG. γ 0 (γ 1 ) is the decay from the excited state |A 2 to the ground state |0 (|1 ). The auxiliary part is outside the circle, which includes a ground state |g , an excited state |E y and the metastable state
There is a pumping field with the frequency ω g to couple |g and |E y by the Rabi frequency Ω g . Γ dark is the decay rate from |A 2 to | 1 A 1 , and Γ 0 (Γ 1 , Γ g ) is the decay rate from the excited state |E y to the ground state |0 (|1 , |g ), and Γ sg represents the decay from | 1 A 1 to |g (see Appendix in Ref. [29] for details).
model uses the MFG to provide the coupling between the NV center and the vibration of the cantilever. The MFG consists of a coil wrapping a permanent magnet core, controlled by the external electric current.
The Hamiltonian of the system in units of = 1 is given by
where a † (a) is the creation (annihilation) operator of the cantilever vibration with the frequency ω k , ω A is regarding |A 2 , B(0) is the constant magnetic field strength, g e is the g-factor and µ B is the Bohr magneton. Ω and Ω L are the Rabi frequencies regarding irradiation from the laser and the microwave. λ = g e µ B B ′ (0)x 0 is the coupling due to the MFG B ′ (0) with x 0 = 1/ √ 2Mω k and a cantilever mass M [33, 34] . In the rotating frame, we have |ψ rot (t) = e −iRt |ψ(t) and H rot = e −iRt H(t)e iRt + R with R ≡ ω 1 |1 1| + ω 0 |0 0| [39] . Under the near-resonance condition, Hamiltonian (1) can be rewritten in a time-independent form as H rot = H 0 + V , with
and
where |b =
(|1 − |0 ) are the corresponding bright and dark states, respectively, and the detuning satisfies ∆ ≡ ∆ 0 = ∆ 1 with ∆ 0 = ω 0 − ω A − g e µ B B(0) and ∆ 1 = ω 1 − ω A + g e µ B B(0). Moreover, the last term in equation (2) describes the energy difference between the bright and dark states caused by the additional microwave for the Stark shift, by which a Stark-shift gate will be performed below for the cooling of the cantilever vibration.
The cooling mechanics based on the Stark-shift gate
The cooling in our scheme is based on the Stark-shift gate. According to the Refs. [32, 40, 41] , the Stark-shift gate in the total Hamiltonian H 0 + V is described by
In the interaction picture, after the rotating wave approximation is applied, the Hamiltonian (4) can be rewritten as
the above Hamiltonain reduces to
which is a typical Jaynes-Cummings interaction for the first-order red-sideband transition between the dark and bright states, leading to the phonon number change in the cantilever vibration. The cooling process in our scheme is described in figure 2 . In terms of the Hamiltonian (6), for the system initially in the state |d, n + 1 , the only possible transition is from |d, n + 1 to |b, n , which is called the Stark-shift gate. It also implies that the blue-sideband transition and the carrier transition relevant to the dark state |d are suppressed due to the Stark-shift gate. Moreover, the transition |b, n ↔ |A 2 , n is driven by two lasers with the same Rabi frequencies and detunings. The spin state is first excited to |A 2 , n , and then decays to the bright state |b, n or the dark state |d, n . If the decay is to the dark state |d, n , a phonon is lost from the cantilever vibration due to H I (6) and the cooling goes to the next step. But if the decay is to the bright state |b, n , the state will be pumped to the excited state |A 2 , n again, and this cycle of the laser cooling will repeat until the decay is to the dark state.
A clearer picture for above cooling process with the phonon dissipation governed by the resonance transition |d, n + 1 ↔ |b, n can be found in Appendix by the numerical calculations of the absorption spectra. We may find that the carrier transition |d, n → |b, n is totally suppressed by the destructive interference, and the bluesideband transition |d, n → |b, n + 1 is largely suppressed. As a result, repeating the The schematic for the cooling mechanism. The Stark-shift-gate assisted cooling includes a microwave field creating the Stark shift of the ground states, a strong MFG whose coupling λ leads to the red-sideband transition |d, n ↔ |b, n − 1 , and the optical lasers coupling the bright state |b to the excited state |A 2 . The optical lasers should satisfy the twophonon resonance condition, which yields elimination of the carrier transition between |d, n and |b, n and suppression of the blue-sideband transition between |d, n and |b, n + 1 . So the strong MFG only contributes to the red-sideband transition. In our treatment, we suppose Γ d = Γ b and Γ = γ 1 + γ 2 , and other parameters are defined in the text or in figure 1 .
laser cooling cycles, the cantilever will finally be cooled down to the vibration ground state.
The analytical and numerical treatments for the cooling
By utilizing the perturbation theory and the non-equilibrium fluctuation-dissipation relation, the Hamiltonians in equations (2) and (3) yield the heating (cooling) coefficient A + (A − ) caused by the external fields as follows,
whose deduction in details can be found in Appendix. The heating (cooling) coefficient in equation (7) is different from the one obtained in the Refs. [26, 29, 30, 42] , but can be reduced to the result in Ref. [32] when ω k = Ω L . This is due to the fact that both the Ref. [32] and our scheme own the same work point for the Stark-shift gate, related to the microwave Rabi frequency and the cantilever vibrational frequency. Nevertheless, the cooling (heating) efficiency in [32] only depends on the Rabi frequency of the microwave field, but ours is not only relevant to the microwave Rabi frequency but also subject to the MGF coupling λ. A proper analysis of the phonon dissipation must consider the non-zero temperature environmental noise, since the cantilever with much larger volume and mass is more sensitive to the environment than the trapped ion. Using the methods in Refs. [26, 29] , we obtain following analytical expression of the time-dependent average phonon number,
where the cooling rate W = A − − A + is induced by the NV center and the external fields [30, 42] , and the final average phonon number is
where Γ k = ω k /q is the vibrational decay rate with the quality factor q of the cantilever, and K(ω k ) = 1/(e ω k /k B T − 1) is the thermal occupation for the cantilever vibrational degrees of freedom [26] , with the Boltzmann constant k B and the environmental temperature T , respectively. Figure 3 clearly presents the better cooling effect occurring at the smaller decay rate Γ k and the lower environmental temperature T . For a deeper understanding of our cooling scheme, we may focus on the work point Ω L = ω k of the Stark-shift gate, which simplifies the heating and cooling coefficients in equation (7) to be
As plotted in figure 4(a) , A + (A − ) increases (decreases) with Ω. As a result, to make sure an efficient cooling, we should have A − to be larger than A + , implying an upper limit
k − 2∆ω k ) from the above analytical expressions. Moreover, both figures 4(a) and 4(b) show that the faster cooling and the minimal final phonon number prefer smaller laser Rabi frequency. The extreme case happens at Ω = 0, in which we have W = A − due to negligible A + , and thereby n ss tends to minimum. However, this is a non-physical condition since Ω = 0 means no laser irradiation. In our case, if the cooling works, figure 4 ) should be satisfied. Therefore, we reach a trade-off regime for the laser irradiation
On the other hand, the laser detuning ∆ involved in A + also has influence on the cooling. To have a larger cooling rate, the larger blue detuning (i.e., ∆ > 0) is required for the condition Ω 2 − 6ω 2 k > 0, and the larger red detuning (∆ < 0) is necessary when Ω 2 − 6ω 2 k ≤ 0 is satisfied. The analytical results above are obtained under the perturbation and the adiabatic condition. This implies that the real cooling effect should be justified for the small values of Ω, for which the adiabatic condition is not fully satisfied. To this end, we have numerically calculated the cooling rate W with respect to Ω at the work point of the Stark-shift gate. We may find from the figure 5(d) that the discrepancy between the analytical and numerical results appears only within the regime Ω/2π < 3 MHz where the adiabatic condition is no longer valid. If we check this regime more carefully, we find that the discrepancy is bigger for the lower frequency of the cantilever.
The physical reason for the cooling rates plotted in figure 5 can be understood by the decay and the pumping in the cooling process. Since the transition between the bright and dark states is dipolar forbidden, we excite the system from the bright state to the excited state |A 2 , until the decay is finally down to the dark state. This process owns an effective decay rate Ω 2 /Γ [33, 44, 45] , which makes sure a cooling faster than that without the laser pumping. With a stronger pumping light, the effective decay will be bigger, which yields a larger cooling rate. However, a much stronger light would shift the bright state and thereby weaken the red-sideband transition. As a result, with increasing Ω, the cooling rate increases at first, and then decreases, as examined by numerics in figure 5 . However, the analytical solutions in equation (10) could not exactly describe the above cooling process if Ω/2π < 3 MHz.
Both the analytical and numerical results imply that our cooling scheme is more powerful than previously proposed ones [25, 26, 27, 28, 29] , particularly for the lower vibrational frequency and under the weaker laser fields. Considering the numerical results in figure 5 , we observe the maximal cooling rate in our case reaching 0.63λ, which is much larger than the cooling rate in the resolved sideband regime [33] . Moreover, comparing with [29] , our scheme reaches the maximal cooling rate 0.63λ (0.57λ) by a weaker cooling laser, e.g., approximately Ω/2π = 2 MHz, for the lower frequency vibrational mode, e.g., ω k /2π = 3(2) MHz. In contrast, reaching such a cooling rate in [29] requires ω k /2π = 10 MHz and Ω/2π = 80 MHz, where the Rabi frequency Ω is linearly proportional to the vibrational frequency ω k . A Rabi frequency as large as 80 MHz is hard to be achieved in current experiments [32] . 
Discussion about the feasibility
To check how well our scheme works in a realistic system, we consider below the variation of the cooling effect with respect to the deviation from the work point Ω L = ω k of the Stark-shift gate. Figure 6 presents that the minimal average phonon number n ss changes slightly with Ω, but this change is less evident for a larger Ω. For the same decay rate Γ k , Ω =2 MHz is the optimal choice to obtain the minimum n ss if we work at Ω L = ω k .
We should also assess the influence from the nuclear spin bath in the NV center, which might seriously affect the final average phonon number n nss and the cooling time t. To this end, we have considered some concrete values of the parameters, such as n initial = 5, ω k /2π = 2 MHz, λ/2π = 0.115 MHz, Γ/2π = 15 MHz, T = 20 mK, Ω/2π = 2 MHz, Ω L = ω k , ∆ = 0 and Γ k /2π = 10 Hz. Provided the nuclear spin bath taking the random energy δ n /2π ≤ 0.1 MHz (0.5 MHz), the final average phonon number increases from n ss = 0.0399 to 0.0436 (0.1729) and the corresponding cooling takes time from t =39.7 µs to 42.2 µs (97.5 µs). Therefore, suppressing the influence from the nuclear spin bath is very important in order to achieve our cooling scheme. Possible approaches include the dynamic nuclear polarization technology [46] and the isotopic purification of NV center [47] , which have been widely adopted in the field of spintronics.
Conclusion
We have studied an efficient cooling of the cantilever vibration by a dynamic Stark-shift gate, in which the carrier transition and the blue-sideband transition can be effectively suppressed when the operation is made around the work point of the Stark-shift gate. The analytical results we obtained have presented a clear relationship of the final average phonon number with the vibrational decay rate and the bath temperature. Moreover, we have also analyzed the limitation of the maximal cooling rate and compared with the relevant scheme proposed previously. We argue that our scheme would be useful for achieving efficient cooling of the cantilever vibration using currently available techniques.
Appendix
In what follows, we derive the cooling and heating rates by the non-equilibrium fluctuation-dissipation relation. Using X = x 0 (a † + a), we rewrite the interaction Hamiltonian in equation (3) as
As a result, the Heisenberg operator F (t) is modified to be
where we have defined σ m,n x = |m n| + |n m| with m, n = A 2 , b, d. The steady state for the NV center ρ ss can be obtained from the following Bloch equations of H rot [48] ,
where Γ d (= Γ b ) = (γ + + γ − )/2 is the decay rate from the excited state |A 2 to the state |d (|b ), Γ = γ 0 + γ 1 is the total decay rate with γ 1 and γ 0 the decay rates, respectively, from the excited state |A 2 to the states |1 and |0 , ρ bb = |b b|, ρ dd = |d d| and σ m,n y = −i(|m n| − |n m|). The steady state for these Bloch equations is ρ ss = ρ dd , which means a dark state regarding the NV center.
When the NV center is in the dark state, the fluctuation spectrum is reduced to
According to quantum regression theorem [48] , the differential equations of the correlation functions can be written as 
we obtain f (t) dt ⇋ −f (0) − iωF(ω).
Applying the transformation to the differential equations and solving the corresponding equations, we have
, (17) and the corresponding heating (cooling) coefficient A + (A − )
Based on the equation (14), we discuss numerically whether the cooling coefficient can reach the maximum at the work point of the Stark-shift gate. From the numerical results in figure 7 , we find that, different from the fluctuation spectra obtained in Ref. [29] , none of the maximum of our fluctuation spectra S(ω) is at ω = ω k . The maximum varies with the Rabi frequencies Ω and Ω L . In order to maximize A − , we should maximize the fluctuation spectrum S(ω) at the work point ω = ω k . From the inset of the figure 7, we know that it is possible to have the cooling coefficient maximum at the work point Ω L = ω k . Figure 7 . Absorption spectra versus the cantilever vibrational frequency in our scheme, where we take Γ/2π = 15 MHz, ∆ = 0 and Ω/2π = 2 MHz. ω/ω k = 1(−1) means the red(blue)-detuning and ω/ω k = 0 means the carrier transition.
